In a given graph G, a set of vertices S with an assignment of colors is said to be a defining set of the vertex coloring of G, if there exists a unique extension of the colors of S to a z(G)-coloring of the vertices of G. The concept of a defining set has been studied, to some extent, for block designs and also under another name, a critical set, for latin squares. In this note we extend this concept to graphs, and show its relationship with the critical sets of latin rectangles. The size of smallest defining sets for some classes of graphs are determined and a lower bound is introduced for an arbitrary graph G. The size of smallest critical sets of a back circulant latin rectangle of size m × n, with 2m ~< n, is also determined.
I. Introduction
A latin rectangle is an m x n array, m ~<n, from the numbers 1,2 ..... n such that each of these numbers occur in each row and in each column at most once. A critical set in an m x n array is a set S of given entries, such that there exists a unique extension of S to a latin rectangle of size m x n. There are some papers on critical sets of latin squares. The interested reader may start with [4] and its references. In [4] , application of critical sets in latin squares to secret sharing schemes is shown, If we index the rows and columns of an m x n array, m<~n, by the sets M = {1,2 ..... m} and N = {1,2 ..... n}, respectively, then the array with integer i +j-1 (modn) in the position (i,j) is said to be a back circulant latin rectangle. The following important result can be found in [3] .
Theorem A (Cooper et al. [3] ). Let L be a back circulant latin square of order n. Then L contains a minimal critical set of size Ln2/4J. The problem of finding critical sets in latin squares with minimum cardinality is an open question. We study a similar concept for graphs and show that the critical sets of latin squares are just defining sets of some special graphs.
We consider (simple) graphs which are finite, undirected, with no loops or multiple edges. We will use standard notations such as Kn for the complete graph on n vertices, Cn for the cycle of size n, and P~ for the path with n vertices. For the necessary definitions and other notations we refer the reader to texts, such as [2] . In this section we mention some of the definitions and results which are referred to throughout the paper. A k-coloring of a graph G is an assignment of k different colors to the vertices of G, such that no two adjacent vertices receive the same color. The vertex chromatic number of a graph G, denoted by z(G), is the minimum number k, for which there exists a k-coloring for G. In a given graph G, a set of vertices S with an assignment of colors is said to be a defining set of vertex coloring, if there exists a unique extension of the colors of S to a ~((G)-coloring of the vertices of G. A defining set with minimum cardinality is called a minimum defining set (of vertex coloring) and its cardinality is denoted by dv(G). For example this parameter in the case of a connected bipartite graphs is equal to l, and for/(4 -e is equal to 2. As an another interesting example, one may check that dr(P) = 4, for the Petersen graph P. Also dv(C2n+l) = n + 1; for, from every two adjacent vertices in C2n+l, one must be included in any defining set. Note that for any graph G we have dv(G)>~z(G)-1.
The following example shows that, in general, dv(G')<~dv(G) when G p is a subgraph of G, is not true; even if z(G) = Z(G').
In the graph G the set of vertices with the color numbers given as in Fig. 1 , is a defining set. So dv(G) = 2, but clearly dv(G') >~ l.
The concept of defining sets is defined for block designs. See [7] for a survey. Since any m × n latin rectangle, m ~< n, is equivalent to an n-coloring of the graph Km x Kn, it is of interest to explore the concept of defining sets of vertex colorings of graphs. In Section 2 we state some results on this problem. Any defining set of a vertex coloring of Km x Kn, is a critical set for an m x n latin rectangle. In Section 3 we find critical sets of some back circulant latin rectangles.
The following theorem of M. Hall, which is a corollary of the celebrated Marriage Theorem of P. Hall, is very useful in our proofs.
Theorem B (Hall [5] 
Defining sets in vertex colorings
In the following theorem a lower bound for the size of a defining set in a graph G is given. The following theorem on defining sets of G × Kn will be useful in the discussion of critical sets in latin rectangles. 
By Theorem 1, there exist at least two SDRs. This contradicts the assumption that the set S is a defining set. Now, since S contains at least n-di -1 vertices from each horizontal copy,
If in Theorem 2 we let G = Krn then we have
Next we discuss defining sets of cartesian products of cycles by complete graphs. The results of Theorems 3-5 show that the lower bound in Theorem 2 is a good bound. To show equality, we need the following notation. For an ordered triple abc we denote the three permutations abc (the identity permutation), bca, and cab by crl, rr2, and or3, respectively. Note that in the latin square a given any two rows, the remaining row can be determined uniquely. To proceed, we note that if the vertices of Cmx Kn are in an m x n array in each row of which we have a subgraph K,, then as in the proof of Theorem 2 any defining set must contain as follows, at least n-3 vertices of each row.
We consider two cases for m:
(i) m even. For n = 6, a defining set is given
In the above table in the first three columns we use only the colors 1, 2, and 3.
And in this coloring, for example in the third row, we have used the permutation cr 2 of {1,2, 3 }, which is 231. Here a ~) sign, means that the color in that entry is given, while a • sign, means that the color of that entry is not given.
For n >~ 8, a defining set can be given such a way that only the colors 1,2,..., 6 are used in the first six columns of Cm × Kn, similar to the case of n = 6, and the colors of the vertices in the last n -6 columns are all given.
For n = 7, we treat K7 x C m in arrays of m x 3 and rn x 4. The first array will be the same as the first m x 3 array in the case of n = 6. For the second array, the following arrays can be used for m = 4 and m = 6, respectively, To obtain a defining set for Cm x K6, where m >/7, since m-3 is even, one can combine the above array for C3 x K6 with the one in the case of m even and n = 6.
For n ~> 9, as in the case of m even, one can use the defining set of Cm x K6, given above, to obtain a defining set for Cm x K,.
For n = 7, the following are defining sets for C3 Proof. For m ---1,2, it is trivial; and for m >~ 3 it is similar to Theorem 3. []
Critical sets in back circulant latin rectangles
As we noted earlier, an m x n latin rectangle, m ~< n, is equivalent to an n-coloring of graph Km x K,. In the following, we first show that equality is possible in the corollary to Theorem 2, thus there exists m x n latin rectangles with n ~> m 2 and a critical set of size m(n-m), but there is no such rectangle with a smaller critical set.
Theorem 5. If n >1 m 2, then dv(Km x If,,) = m(n -m).
Proof. We consider the following m x n latin rectangle,
where each Ai, i = 1,2 ..... m -1, is an m x m back circulant latin square, generated by the row,
and Am is an m x (n -m 2 -k-m) back circulant latin rectangle, generated by the row,
Now a critical set can be given which consists of all the entries of L, except the entries of the ith row of Ai, i = 1 .... ,m-1, and the entries of the last row of Am which are m 2 -m + 1, m 2 -m + 2,..., and m 2. It is easy to check that S is a critical set of
Km x K~, and IS I = m(n -m). []
Next, we find the smallest critical set for back circulant latin rectangles of size m x n, where 2m ~< n. We use some graph theoretical methods. To understand the method, first we will show it in an example. The following lemma on cyclic graphs is very useful in our proof. A cyclic graph G on n vertices is one with an automorphism group containing the cyclic group (Z,, +) as a subgroup. Proof. An example of a cyclic graph with the conditions of the 1emma where n = 11, d = 2, r = 4, is given in Fig. 3 . ProoL In the following table a critical set with size 34 is shown for the back circulant latin rectangle of size 5 × 11: 
Lemma 1. Let n and d be two natural numbers such that n -d is odd. Let G be a d-regular cyclic graph with vertex set V(G)
Now we prove that, this is the smallest critical set for that latin rectangle. Note that in each row there are some pairs that can be permuted. For example, in the first row if we permute 1 and 7, the resulting rectangle is still a latin rectangle. So any critical set must contain at least one of these entries. We associate a graph G1 with the first row, with V(G1) = {1,2,..., 11}, and ij C E(G1) if the entries i and j can be permuted in the first row (see Fig. 3 ).
Let S be a critical set for L. The set of elements of S in the first row is a covering set for G1. The graph G1 satisfies the conditions of Lemma 1, where n = 11, d = 2, r = 4, and ~(G1 ) = 6. Thus, S contains at least 6 entries from the first row. Similarly we associate a graph G2 with the second row. The set of elements of S in the second row is a covering set for G2. The graph G2 satisfies the conditions of Lemma 1, where n = 11, d = 4, r = 3, and fl(G2) = 7. Thus, S contains at least 7 elements from the second row. Similarly S must contain 8 elements from the third row. If Gt is the graph associated with the kth row, it can easily be checked that G1 = G5 and G2 = G4. Thus S must contain at least 6 + 7 + 8 + 7 + 6 = 34 elements. [] Proof. As in Example 1, we associate a graph Gk with the kth row of L as follows. The set of vertices of Gk, is V(Gk) = {1,2,3 ..... n}, and ij E E(Gk) if and only if the entries i and j can be permuted in the kth row of L such that the resulting rectangle is still a latin rectangle.
First, we show that Gk, for k ~< Fm/27, satisfies the hypotheses of Lemma 1. Indeed, since L is back circulant it follows that Gk is cyclic. As can be observed from the back circulant latin rectangle given below, in Gk, since 2m ~<n, the neighborhood of vertex k is {m+l,m+2
..... n-m+2k-1}. [3] it is proved that the smallest critical set for a back circulant latin square of order n is n2/4, for n even. The following conjecture is made in [6] . (Mahmoodian [6] ). For any latin square of order n the cardinality of any critical set is greater than or equal to Ln2/4J.
Conjecture

